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Abstract: The non-singular and bounded terms for stresses: near the crack tip were
investigated . The crack problem in a transversely isotropic piezoelectric solid for the plane
problem was dealt with. The principle of superposition and the Plemelj formulation were
introduced. The non-singular terms are given by solving Rieman-Hilbert problem. It is
shown that the non-singular terms are influenced by the elastic and electric constants .
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Introduction

The elastic non-singular terms (NST) can be identified with the stresses parallel to the
crack") . Tt is well-known that these terms can play an important role in fracture analysis and their
effects should understand. The work by Lavsson and Carlsson'?! indicated that the sign and
magnitude of the NST substantially alter the size and shape of the plain-strain crack-tip plastic
zone at finite load levels. Bilby et al. (3] showed that the NST extends the range of validity of the
small-scale yielding conditions at infinite strains. Betegon and Hancock'*! characterized the
elastio-plastic crack tip field by using a two-parameter law, i.e., J-integral and T-stress.
Coteerell and Rice!s! and Fleck et al.® showed that the NST governs the stability of straight
crack path under model ] loading conditions. Zhao Li-guo and Chen Yi-hengm studied the
effect of 7T-stress in microcrack shielding problem by solving the interaction problem of a
macrocrack with near tip microcracks applying a discrete model. Sham'®! calculated the NST in
isotropic elastic solids by using higher order weigh functions. Ma et al . (9 obtained the NST for
multiple cracks in anisotropic elastic solids by using the principle of superposition. However, the
calculation of the NST in piezoelectric solid has not been attempted. The present paper calculates
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the NST at the crack tip in transversely isotropic piezoelectric solid for the plane problem (Fig.
- 1) . The poling direction x, is perpendicular to the crack front. Solution to

a piczoelectric crack problem, in which a finite crack of length 2a is
-L-y embeded in an unbounded piezoelectric medium subject to far uniform
mechanical and electrical loads, can be obtained by superposing two

%1

solutions as follows:

Fig.1 Piezoelectric T=T" +T". (1)
material with  The superscript o refers to the uniform solution for piezoelectric medium
a crack without the crack, and the superscript s refers to the uniform solution for

the same body with the opposite far uniform mechanical and electrical
loads acting on the crack faces. The second solution is this paper’ s purpose and the results should
serve a useful purpose for fracture analysis.

1 Basic Approach

For the plane strain problem, the stress components and electric displacements can be

expressed as follows!H %] ;

3 3 3

oy = 2Re E yi@k(zk), Oy = 2Re E @k(zk), Oy = — 2Re Ejf"ka(zk)’
k=i k=1 k=1

(2a~e)

3 3
D, = 2Re > Ay, @i (), Dy = - 2Re D> 48, (2,).
k=1 k=1

The functions @, (z, ) are the complex potentials; z, = x; + p,%,; g, and their conjugates are
roots of the characteristic equation; A, is defined in Ref.[10].
In order to calculate the NST, the following three problems, A, B and C are considered:
Problem A The crack problem with plane symmetric tractions — o5 () applied to the crack.
Problem B The crack problem with plane skew-symmetric tractions ~ ¢4, (x;) applied to

the crack.
Problem C The crack problem with plane symmetric electric displacement — D’ to the crack.

2 Problem A
On the real axis x,, o5 = 0, D =0andz = z, = z; = t, then from Eq.(2c) and
Eq.(2¢) yields
3 3
Dm®(t) =0, >48(1) =0 foralli. (3)
k=1 k=1

The boundary values on the upper and lower side are denoted by the plus ( + ) and minus ( - ),
respectively. Eq.(2b) yields

op = ”“P+(t) + —P; (1),

P, (4)
opn = ch(t)+~—<D(t) foritl<a; k=1,2,3,

P,

where the repeated subscript does not denote the summation, and
{S = p (A = 23) + p2(A5 = Ay) + p3(Ay ~ 45),

(%)
Py = mds = p3dy5 Py = pH3Ay ~ pydss Py o= p1ha — pa Ay



T-Stress in Piezoelectric Solid 515

This leads to Rieman-Hilbert problem:

S = + [S 2%
[Pi@k(t)+1—,;‘15k(t)] +[P—kqjk(t)+ ,,(t)] = - 205(t) forlzl< a,
k
_ (6)
s S5.(»)]" 4 [20: () —cp (0]
[-——@k(t)——@k(t)] + | P,k - k =0 forltl< a.
The solution can be expressed by
X* (1)opn (1)
O (z) = & 2mx(z,,)f_., Tl (k=1,2,3), @)
where X(zj) = (zf - 2)1/2, j = 1, 2, 3.
Using the Plemelj formulation in Eq.(7) and let z, — t* , we obtain
P ®©
®; (1) =?"[G(‘)_""(‘) forl ¢t 1< a, (8)
N -1 [* X(s)opn(s)
in which G(t) = X)L — ds
On the other hand, from Eq.(2a)
2 .Uipk 2 /lipk
o (1) = Re>, ~c=6(1) - o5 (1)Re > —¢ forltl< a. 9
k=1 k=1
Letting t — a, the NST is given by
3 2
w P
T=—022(a)RekZ=l "’é". (10)
3 Problem B

On the real axis x;, 05, = 0, D;; = O0andz, = 2, = z3 .= t, then from Eq.(2c) and
Eq.(2e) yields

3 3
>10.(k) =0, D 48,(1) =0  forall:. (11)
k=1 k=1
The boundary values on oy, in Eq (2¢) become
o = di,,(t) + =i (1),
@ 0
k (12)
alz_i@k(t)+i@(t) forltl<a, k=1,2,3,
0

in which Q] = /12 - /\3; QZ = A3 - /11 and 03 = Al - /12.
The Rieman-Hilbert formulation is obtained

[Qk©k(t)+—¢k [ k(t)+—@k(t)] =-20% foriti< a,
(13)
Qkék(t)—g—@k(t)] @k(t)":—@k(t)] forltl< a.
The solution can be expressed by
- e X+ !
®,(z) = %imx(lzk)f_ (ttiaz':(t)dz (k=1,2,3). (14)
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Using the Plemelj formulation in Eq.(14) and let z; — ¢t*, we obtain
. Qx [ H(t) op(t)
@i (t) = S R forl t1< a, (15)

-1 (e X(S)di”z(S)d
mX()) .. s-1 O
On the other hand, from Eq.(2a) yields

in which H(t) =

3 2 3 2
o (t) = Rez E—g—o—"H(t)—aB(t)ReZ#—g& forltl< a. (16)
k=1 k=1
Letting t — @, the NST for the Problem B is given by
3 2
w Q
T=—0'12(a)ReZ #—’:S“‘i. (17)
4 Problem C

On the real axis x,, 05, = 0, {3 = Oandz;, = z, = z3 = t, then from the Eq.(2c) and
Eq. (2b) yields

Zaquk(k) =0, jﬂkqsk(z) =0  foralls. (18)
The boundary values on kD; in Eq. (2e) be:;:me
Dj = 30i(1) + ZBi (1),
54 (19)
D;:Sk¢k(t)+;5—d>*(t) forlti<a, bh=1,2,3,
k

in which Sl M3 — M2 SZ = M1 - /l3and S3 = M2 = Hy-
The Rieman-Hilbert formulation is obtained

[Ska(t)"'—_@k(t)] +[ @k(t)"-_—@k(t)] =2D2°° forl < a,

S S
k ! (20)
[wkm - _—¢k<t>] 5 () - :@uo] “0 forlil<a.
S
The solution can be expressed by
Si -1 (° X* (e)Dy(r)
0, (z) = ?Zn:iX(z,,)J e—dt (k=1,2,3). (21)
Using the Plemelj formulation in Eq.(21) and let z, — t*, we obtain
. SI:[K(t) D;]
@k(t)_s =+ forl tl< a, (22)

in which K(¢) = —=[" Q(ss)l_)z:(s)ds

On the other hand, from Eq.(2a) yields
3 ZS 3 ZS
ofi () = Re>, %EK(t)J,D;(z)ReZ "’é* forlt1<a. (23)
k=1 k=1
Letting ¢t — @ ,the NST for the Problem C is given by
3 2
e “5Sy
T = D3 (a)Reg - (24)
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5 Solution and Discussions

Solution to a piezoelectric crack problem, in which a finite crack of length 2« is embeded in
an unbounded piezoelectric medium subject to far uniform mechanical loads oy, , o5 and

electrical loads Dy’ , can be given by
32
# ® o« k-3
T = Rekzl ?k'(Dz Sk"UZZPk_GIZQk)' (25)

From above equation, the values of NST depend on
+ The influence from far uniform mechanical loads.
» The influence from far uniform electrical loads.
+ The influence from the material nature.
If in Eq. (2) we neglect the terms containing the electrical variables, the problem is reduced
to one of purely anisotropic elasticity, and the pertinent parameters in Eq.(2) are as follows:
pu3 =0, 34, =24, =0, A3 =1, (26)
and
S==p1 4y, Py =, Py =~ py, P3 =0,
Qi =-0:=1,0; =0. (27)
then Eq.(19) becomes
T = opRelpipa] + o Rel g + 2] (28)

This equation is the same as the anisotropic casel® .
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